We examine some peculiarities of the subset of lattice preserving elements in a pseudo-Euclidean group, when the lattice under consideration contains a lightlike vector, or more generally, when the restriction of a pseudo-Euclidean metric to the real linear enveloppe of the lattice is not definite. For the case of a Lorentzian metric, it is shown in detail that the isometry group of the spacetime compactified over such a lattice admits a natural extension to a semigroup. We explain why such an extension is not available for spacelike lattices. Furthermore, we argue that for any Lagrangian defined on such a lightlike compactified spacetime, the elements of the semigroup relate sectors of the theory belonging to different discrete compactification radii, and hence connect different superselection sectors of the theory. This mapping occurs as a one-way process owing to the non-invertibility of the semigroup elements on the lattice. These structures might therefore be of relevance to matrix theory.
Introduction
In this work we examine the structure of subsets of maps, in particular of elements of the isometry group E n t of a flat pseudo-Euclidean space R n t , that preserve the points of a lattice lat, whose associated real vector space [lat] , called the R-linear enveloppe of the lattice, is lightlike. In this case, the restriction of the metric η with signature (−t, +s) to [lat] is no longer definite. This gives rise to the possibility of having lattice-preserving transformations in the overall pseudo-Euclidean group E n t that are injective, but no longer surjective on the lattice; in other words, their inverses do not preserve lat. The set of all these transformations therefore will no longer be a group, but only a semigroup. Since it is precisely the lattice preserving transformations that descend to the quotient of R n t over the discrete group of primitive lattice translations Γ, i.e. to the "compactified" spacetime R n t /Γ = R n−m × T m , these semigroup elements constitute an extension of the isometry group I (R n t /Γ), which act non-invertibly on the compactified space. We present in detail the case of the compactification of a Lorentzian spacetime over a lightlike lattice Γ, where it is shown that the non-invertible elements wind the lightlike circle k times around itself. We argue that this should map the different sectors of a Lagrange theory on R n t /Γ, as labelled by the lightlike compactification radius, in a one-way process into each other. In the case under consideration, this map will be accomplished by finite discrete transformations generated by the "mass" generator of the centrally extended Galilei group; since it is known that the eigenvalues of this generator label different superselection sectors of a theory, we argue that our semigroup transformations connect different superselection sectors of any Lagrange theory on a lightlike compactified spacetime.
The plan of the paper is as follows: In section 2 we provide some background on orbit spaces and the associated fibre preserving sets. In section 3 we introduce our notation conventions. In section 4 and 5 we introduce our concepts of lattice preserving transformations, and examine some of their structure. In particular, we show in a theorem why no semigroup extensions are available in a Euclidean background space, or more generally, for a lattice whose R-linear enveloppe [lat] is spacelike. In section 6 we construct the sets normalizing a lightlike lattice in a Minkowski spacetime. In section 7 we show how the semigroup transformations act on the lightlike circle of the spacetime, and how they relate theories belonging to different compactification radii.
Orbit spaces and normalizing sets
Assume that a group G has a left action on a topological space X such that the map G × X ∋ (g, x) → gx is a homeomorphism. When a discrete subgroup Γ ⊂ G acts properly discontinuously and freely on X, then the natural projection p : X → X/Γ of X onto the space of orbits, X/Γ, can be made into a covering map, and X becomes a covering space of X/Γ (e.g. [1, 2, 3] ) . More specially, if X = M is a connected pseudo-Riemannian manifold with a metric η, and G = I (M ) is the group of isometries of M , so that Γ is a discrete subgroup of isometries acting on M , then there is a unique way to make the quotient M/Γ a pseudo-Riemannian manifold (e.g. [7, 4] ); in this construction one stipulates that the projection p be a local isometry, which determines the metric on M/Γ. In such a case, we speak of p : M → M/Γ as a pseudo-Riemannian covering.
In both cases, the quotient p : X → X/Γ can be regarded as a principal fibre bundle with bundle space X, base X/Γ, and Γ as structure group, the fibre over m ∈ X/Γ being the orbit of any element x ∈ p −1 (m) under Γ, i.e. p −1 (m) = Γx = {γx | γ ∈ Γ}. If g ∈ G induces the homeomorphism x → gx of X (or an isometry of M ), then g gives rise to a well-defined map g # : X/Γ → X/Γ only when g preserves all fibres, i.e. when g (Γx) ⊂ Γ (gx) for all x ∈ X. This is equivalent to saying that gΓg −1 ⊂ Γ. If this relation is replaced by the stronger condition gΓg −1 = Γ, then g is an element of the normalizer N (Γ) of Γ in G, where
The normalizer is a group by construction. It contains all fibre preserving elements g of G such that g −1 is fibre preserving as well. In particular, it contains the group Γ, which acts trivially on the quotient space; this means, that for any γ ∈ Γ, the induced map γ # : X/Γ → X/Γ is the identity on X/Γ, γ # = id| X/Γ . This follows, since the action of γ # on the orbit Γx, say, is defined to be γ # (Γx) = Γ (γx) = Γx, where the last equality holds, since Γ is a group.
In this work we are interested in relaxing the equality in the condition defining N (Γ); to this end we introduce what we call the extended normalizer, denoted by eN (Γ), through
The elements g ∈ G which give rise to well-defined maps g # on X/Γ are therefore precisely the elements of the extended normalizer eN (Γ), as we have seen in the discussion above. Such elements g are said to descend to the quotient space X/G. Hence eN (Γ) contains all homeomorphisms of X (isometries of M ) that descend to the quotient space X/Γ (M/Γ); the normalizer N (Γ), on the other hand, contains all those g for which g −1 descends to the quotient as well. Thus, N (Γ) is the group of all g which descend to invertible maps g # (homeomorphisms; isometries) on the quotient space. In the case of a semi-Riemannian manifold M , for which the group G is the isometry group I (M ), the normalizer N (Γ) therefore contains all isometries of the quotient space, the only point being that the action of N (Γ) is not effective, since Γ ⊂ N (Γ) acts trivially on M/Γ. However, Γ is a normal subgroup of N (Γ), so that the quotient N (Γ) /Γ is a group again, which is now seen to act effectively on M/Γ, and the isometries of M/Γ which descend from isometries of M are in a 1-1 relation to elements of this group. Thus, denoting the isometry group of the quotient space M/Γ as I (M/Γ), we have the well-known result that
Now we turn to the extended normalizer. For a general element g ∈ eN (Γ) the induced map g # is no longer injective on X/Γ. To see this assume that for a fixed element g ∈ G, the inclusion in definition (2) is proper, i.e. gΓg
Take an arbitrary x ∈ M , then g (Γx) ⊂ = Γ (gx); this means that there exists an element z ∈ Γ (gx) that is not the image under g of any γx in the orbit Γx. Hence, since g is invertible on X, there exists an x ′ ∈ X, whose orbit Γx ′ is different from the orbit Γx, such that z = gx ′ . Since g preserves fibres we have g (Γx ′ ) ⊂ = Γ (gx ′ ) = Γz = Γ (gx), the last equality following, since z lies in the orbit of gx. This implies that the induced map g # maps the distinct orbits Γx = Γx ′ into the same orbit Γ (gx), which expresses that g # is not injective. In particular, if g was an isometry of M , then g # can no longer be an isometry on the quotient space, since it is not invertible. It also follows that eN (Γ) will not be a group, in general. For this reason, the elements of the extended normalizer seem to have attracted limited attention in the literature so far.
In this work, however, we will show that the extended normalizer naturally emerges when we study identification spaces M/Γ, where M = (R n , η) is flat R n endowed with a symmetric bilinear form η with signature (−t, +s) or index t; to such a space M we will also refer to as M = R n t . The group Γ will be realized as a discrete group of translations in M , the elements being in 1-1 correspondence with the points of a lattice lat ⊂ R n t , which is regarded as a subset of R n t . We will find that in the Lorentzian case, the fact that the identity component SO + 1,n−1 ⊂ O 1,n−1 is no longer compact will give rise to a natural extension of the isometry group N (Γ) /Γ of the quotient M/Γ to the set eN (Γ) /Γ, provided that the R-linear enveloppe of the lattice is a lightlike subvector space (we do not consider lattices whose associated R-linear vector space is timelike; this would give rise to "compactifications along a time direction"). We will show that eN (Γ) /Γ in general has the structure of a semigroup, naturally containing the isometry group N (Γ) /Γ as a subgroup. This will be compared with the orthogonal case, and it will be shown that the compactness of SO n obstructs such an extension. That is probably why such extensions have not been studied in crystallography in the past.
Notations and conventions
-If a subgroup H of a group G is normal in G, we denote this fact by H ¡ G.
-The isometry group I (R n t ) of R n t is the semi-direct product
called pseudo-Euclidean group, where the translational factor R n is normal in E n t , R n ¡ E n t . Elements of E n t will be denoted by (t, R) with group law (t, R) (t ′ , R ′ ) = (Rt ′ + t, RR ′ ). Projections onto the first and second factor of E n t are defined as
Elements of the form (0, R) will be referred to as "rotations", although in general they are pseudo-orthogonal transformations. The Lie algebra of the pseudo-Euclidean group E n t will be denoted by euc
henceforth. -For t = 1, E n 1 is the Poincare group. -Given a subset S ⊂ R n t , the R-linear span of S is the vector subspace of R n t generated by elements of S, i.e. the set of all finite linear combinations of elements in S with coefficients in R; we denote the R-linear span of S by [S] R or simply [S] , if no confusion is likely. If S = {u 1 , . . . , u m } is finite, one also
-The index ind (W ) of a vector subspace W ⊂ R n t is the maximum in the set of all integers that are the dimensions of R-vector subspaces W ′ ⊂ W on which the restriction of the metric η| W ′ is negative definite, see e.g. [4] . Hence 0 ≤ ind (W ) ≤ m, and ind (W ) = 0 if and only if η| W is positive definite. In the Lorentzian case, i.e. M = R n 1 , we call W timelike ⇔ η| W nondegenerate, and ind (W ) = 1; W lightlike ⇔ η| W degenerate, and W contains a 1-dimensional lightlike vector subspace, but no timelike vector; and W spacelike ⇔ η| W is positive definite and hence ind (W ) = 0.
Lattices and their symmetries
In this section we introduce our conventions of lattices in R n t and their associated sets of symmetries. These notions will be appropriate to examine the peculiarities that arise when the vector space R n t is non-Euclidean. On the one hand, they extend the usual terminology encountered in crystallography. On the other hand, our definition of a lattice is adapted to the purposes of this paper, and therefore somewhat simplified compared with the most general definitions possible in crystallography. This means that a full adaption of our terminology introduced here with well-established crystallographic notions would have been a tedious task with no contribution to deeper understanding; we therefore have made no attempt to do so.
In this work we restrict attention to lattices that contain the origin 0 ∈ R n t as a lattice point, which suffices for our purposes. Let 1 ≤ m ≤ n, let u ≡ (u 1 , . . . , u m ) be a set of m linearly independent vectors in R n t ; then the Z-linear span of u,
is called the set of lattice points with respect to u. Elements of lat are regarded as points in R The subset T lat ⊂ E n t is the subgroup of all translations in E n t through elements of lat,
Elements of T lat are called primitive translations. Now we introduce the set pres (lat), which is defined to be the set of all diffeomorphisms on R n t preserving lat, i.e.
Every such φ is invertible, hence surjective, on R n t ; however, it need not be surjective on lat, which means that inverses in this set do not necessarily exist. Neither is it required that φ be linear. pres (lat) is therefore a semigroup with composition of maps as multiplication, and id| R n t as unit element.
We also define the associated set
pres × (lat) contains all diffeomorphisms of pres (lat) whose restriction to lat is invertible, and hence is a group.
The intersection
we term the set of symmetries of the lattice lat, and
we call the set of invertible symmetries of lat. sym × is a group by construction. On the other hand, sym is only a semigroup, since inverses in sym do not necessarily exist. Cleary, sym × ⊂ sym. This inclusion is not always proper. Below we prove a theorem that explains the details. First, however, we examine the structure of sym × and sym more closely.
5 The structure of sym × and sym An immediate statement is
Proposition
1. All translations in sym belong to sym × .
2. All translations in T lat belong to sym × .
3. There are no pure translations in sym × other than primitive translations from T lat .
T lat is normal in sym
× .
Proof :
The fist two statements are obvious. As for the third, assume (t, 1) ∈ sym × were no element of T lat ; then it would map the lattice point 0 into the lattice point t, which is a contradition. Now prove (4): Since, by (2), translations (t z , 0) belong to sym × , we have that for a given (t, R) ∈ sym × , the product (t, R) (t z , 0) (t, R) −1 ∈ sym × as well. But this product equals (Rt z , 1), hence is a pure translation, hence, by (3), must belong to T lat , which proves T lat ¡sym × .
These results do not a priori imply, however, that p 1 (sym) = T lat . We show below that this is true for sym × . We now examine the projection of sym × onto the second factor p 2 (sym × ). A priori it is not clear whether this projection is a subset of sym, sym × , or not. We will see shortly that indeed p 2 (sym × ) ⊂ sym × . We start with observing that the elements (0, R) of p 2 (sym × ) are in 1-1 correspondence with the left cosets T lat · (t, R), where (t, R) is in the inverse image p −1 2 (0, R). This follows, since T lat is a subgroup of sym × , so that T lat · (t, R) is certainly in the inverse image; and furthermore, any two elements in this coset must differ by a primitive translation, since for (t, R), (t ′ , R) we have (t, R)
It is at this point that we need the condition that (t, R) be in sym × rather in sym. The last equation says that (t ′ − t, 1) must be a primitive translation, since sym × contains no other translations than these. From these considerations we conclude that there must exist a coset representative, denoted by (τ R , R) of the coset T lat · (t, R) such that
This defines a map
which is constant on the cosets. We remark that if the map τ ≡ 0 is identically zero, then the associated group sym × is called symmorphic in crystallography (see, e.g., [6] ).
We now define the following subgroups of sym, sym × :
i.e. these are the subsets of sym, sym × , respectively, that are pure (pseudoEuclidean) "rotations". We can now prove the result announced above:
Proposition
The projection of sym × onto the "rotational" factor coincides with the set of all pure "rotations" in sym × , i.e.
Proof :
The inclusion " ⊃ " is trivial. We prove " ⊂ " : If (0, R) ∈ p 2 (sym × ), then there exists a vector t ∈ W (not necessarily in lat) so that (0, R) = p 2 (t, R), and (t, R) as well as (t, R) −1 are elements of sym × . Now let t z ∈ lat arbitrary, then (t z , 0) ∈ sym × , and so is the product (t, R) (t z , 0) (t, R) −1 = (Rt z , 1). The RHS must be a primitive translation, hence Rt z ∈ lat for all t z , or Rlat ⊂ lat. The same argument holds for R −1 , which says that Rlat = lat, or (0, R) ∈ rot × .
We next show
Proposition
The restriction of the τ -map to sym × vanishes identically.
Proof :
Let (t, R) ∈ sym × , then the projection onto the second factor is (0, R) ∈ p 2 (sym × ) = rot × ⊂ sym × , where we have used (16). Therefore (t, R) and (0, R) both lie in the same coset T lat · (t, R); but this means that (0, R) is the unique coset representative that determines the value of the τ -map on the argument (t, R). Hence τ R = 0.
From proposition 5.3 we infer that every element of sym × has the form (t z , R), where t z ∈ lat. For every (t, R) ∈ sym × lies in the coset T lat · (t, R), which contains the coset representative (0, R). Hence (t, R) and (0, R) must differ by a primitive translation, which says that t = t z ∈ lat.
As a corollary we infer the result we have announced after proposition 5.1, namely
Thus, all elements of sym × have a standard decomposition (t z , R) = (t z , 1) (0, R) ∈ T lat × rot × according to (16). Furthermore, the groups T lat and rot × have only the unit element (0, 1) in common, and T lat is normal in sym × . Thus, we have proven the
Proposition sym
× is the semidirect product
As an immediate conclusion we see that we must have
We have not examined, however, whether this inclusion is proper, or if sym can contain elements (t, R) for which t ∈ lat.
Finally, we present a condition under which rot coincides with rot × ; this sheds some light on the question under which circumstances sym × is actually a proper subset of sym.
Theorem
If ind (lat) = 0 or ind (lat) = m (i.e. minimal or maximal), then rot = rot × .
Proof :
We first assume that ind (W ) = 0, i.e. η| W is positive definite. Let Λ ∈ rot. Since Λ preserves lat, it also preserves its R-linear enveloppe W , i.e. ΛW ⊂ W . Let x, y ∈ W arbitrary, then Λx, Λy ∈ W . This says that
which says that the restriction Λ| W of Λ to the subvector space W preserves the bilinear form η| W on this space. But η| W is positive definite by assumption, hence Λ| W ∈ O (W ), where O (W ) denotes the orthogonal group of W . Now we assume that Λ has the property Λ ∈ sym , and Λ
in other words, Λlat ⊂ = lat. This means that Λ| lat is not surjective. Hence ∃ x ∈ lat : Λu = x for all u ∈ lat. x cannot be zero, since 0 ∈ lat, and Λ is linear. Hence r ≡ x > 0, where x = η (x, x) denotes the Euclidean norm on W . Now let S m−1 be the (m − 1)-dimensional sphere in W , centered at 0. Consider the intersection sct = lat ∩ r · S m−1 , where r · S m−1 is the (m − 1)-dimensional sphere with radius r in W . Note that this set coincides with the orbit O m−1 · x of x under the action of the orthogonal group O m−1 , which is a compact subset of W ≃ R m . From the compactness of r · S m−1 it follows that the number of elements #sct of sct is finite, 0 ≤ #sct < ∞. Then
The first two statements imply that Λ| W preserves sct, ( Λ| W ) (sct) ⊂ sct; from the third we deduce that ( Λ| W ) (sct) = sct. But this says that all elements of sct are in the image of ( Λ| W ), hence x = ( Λ| W ) (x ′ ) for some x ′ ∈ sct, which is a contradiction to the result above. This says that our initial assumption (20) concerning Λ was wrong. Now assume that ind (lat) is maximal. Then η| W is negative definite, but the argument given above clearly still applies, since O 0,m−1 ≃ O m−1,0 , and the only point in the proof was the compactness of the O m−1 -orbits. This completes our proof.
We see that the structure of the proof relies on the compactness of orbits O · x of x under the orthogonal group, which, in turn, comes from the fact that the orthogonal groups O are compact. If the metric restricted to [lat] were pseudo-Euclidean instead, we could have non-compact orbits, related to the non-compactness of the groups O t,s . We have not proved this in full, but we conjecture that the converse of theorem 5.5 should read:
= rot". An explicit example of this situation will be constructed now.
Identifications over a lightlike lattice
Given a lattice lat in a pseudo-Euclidean space M = R n t , we have the associated group of primitive translations Γ = T lat . We want to study the quotient space M/Γ, its isometry group I (M/Γ) = N (Γ) /Γ, and the possible extension eN (Γ) /Γ of this isometry group. We now show how N (Γ) and eN (Γ) are related to the sets rot × and rot, respectively. An element (t, R) ∈ E n t is in the extended normalizer eN (Γ) iff (t, R) Γ (t, R) −1 ⊂ Γ, where (t, R) −1 is the inverse of (t, R) in E n t . This is true iff (Rt z , 1) ∈ Γ for all t z ∈ lat, hence iff Rlat ⊂ lat, hence iff (0, R) ∈ sym, hence iff (0, R) ∈ rot. On the other hand, (t, R) is in the normalizer N (Γ) if the same condition holds for R −1 as well, i.e. R −1 ∈ rot. But R, R −1 ∈ rot is true iff R ∈ rot × . Hence
From now on we focus on the Lorentzian metric, t = 1, and work in M = R . We want to compute N (Γ) and eN (Γ) for this lattice, where Γ = T lat . According to (21, 22) our first task is to identify the sets rot and rot × . We do this in several steps. Firstly, we identify the subset of E n 1 that preserves the 1-dimensional lightlike subspace [u + ] R .
Preservation of a lightlike 1-dimensional subspace
Let e ≡ (e 0 , e 1 , . . . , e n−1 ) denote the canonical basis of R (e 0 ± e 1 ), and consider the new basis b ≡ (u + , u − , e 2 , . . . , e n−1 ).
The transformation between the two bases is accomplished by T = diag
with T 2 = 1, so that b = eT and e = bT . In the b-basis, the matrix η b of η takes
We want to find the set rot ([u + ] R ; O 1,n−1 ) of elements R ∈ O 1,n−1 that preserve this subspace, i.e. Φ (R) u + = λ · u + with R ∋ λ = 0. Here Φ (R) denotes the linear operator associated with R, acting according to Φ (R) b = bR. Note the notation conventions: We write R for the abstract group elemenent as well as for the matrix representing Φ (R) in a particular basis.
From Φ (R) b = bR we see that the matrix representing Φ (R) must take the general form R = λ 0 * , where " * " denotes "something". We can make an Ansatz for R according to this form, and then impose the condition R T η b R = η b that expresses that R is a Lorentz transformation. This yields a set of matrices R = (V, a, C) parametrized by V ∈ R n−2 ⊂ R take the form
where
i denotes the Euclidean quadratic form on R n−2 . These matrices satisfy the group law
with unit (0, 1, 1), and inverses (V, a, C)
Using the group law (24) we find the standard decomposition of elements
this decomposition being chosen so that factors which form normal subgroups stand to the left, as it will be shown now. We firstly identify three subgroups
The set of all (V, 1, 1) forms an Abelian subgroup of G, which is isomorphic to R n−2 , as can be seen from the group law
The set of all (0, a, 1) is a subgroup of G with group law (0, a, 1) (0, a ′ , 1) = (0, aa ′ , 1), which will continue to be denoted by R × , and the set of all (0, 1, C) clearly is a subgroup isomorphic to O n−2 . Since (0, a, 1) (0, 1, C) = (0, 1, C) (0, a, 1), the last two subgroups form a direct product subgroup R × ⊗ O n−2 of G. Furthermore, using the group law (24) again, we see that conjugation I (U, a, C) [where I (g) h = ghg −1 ] of an element (V, 1, 1) of R n−2 yields again a translation,
from which it follows that R n−2 is a normal subgroup of G. This implies that G has the structure of a semidirect product
where " ⊙ " denotes a semidirect product, and the normal factor R n−2 stands to the left.
We see that this group has four connected components: They are obtained by pairing the two connected components (R + , R − ) of R × with the two connected components SO n−2 , O − n−2 of O n−2 . R − reverses the time direction, whereas O − n−2 reverses spatial orientation. The identity component G 0 of G is obviously
In what follows we shall restrict attention to G 0 . If we had started this section with SO + 1,n−1 , then our analysis would naturally render the identity component G 0 for rot ([u + ] R ; O 1,n−1 ). We adapt our notation to this fact by denoting as rot ([u + ] R ; H) the set of all elements in the group H ⊆ O 1,n−1 that preserve [u + ]. Then we can conclude this section with the results
We now give the explicit form of the matrices (V, a, C) etc. in the basis e. Performing a similarity transformation with T then yields, using (23),
This gives, in particular,
where cosh φ = 
Conformal algebra cf n−2
Before we investigate the Lie algebra of the Lie group rot [u + ] R ; SO + 1,n−1 , we briefly explain the relation between the conformal algebra cf n−2 in (n − 2) Euclidean dimensions and the Lorentz algebra so 1,n−1 . cf n−2 is spanned by generators (L ij ) 2≤i<j≤n−1 ; (K i , S j ) i,j=2,... ,n−1 ; ∆ , where L ij and K i span the Euclidean algebra so n−2 , s j are the generators of special conformal transformations, and ∆ generates dilations. This basis obeys the relations
The first two lines contain the so n−2 subalgebra. The generators of so 1,n−1 , on the other hand, are real (n, n) matrices L µν defined by
Now we transform the basis (L µν ) to a new basis
Using (23) it is easy to verify that this new basis satisfies the algebra (37), so that we have the well-known isomorphism of Lie algebras
We now can turn to evaluate the Lie algebraĝ 0 of rot [u + ] R ; SO 
with L µν from (38), and using the new basis (40). Similarly,
The generators of the SO n−2 -factor clearly are the elements (L ij ) 2≤i<j≤n−1 .
Thus we see that the Lie algebraĝ 0 is a Lie subalgebra of the conformal algebra cf n−2 in (n − 2) Euclidean dimensions;ĝ 0 is spanned precisely by those generators of cf n−2 , that either annihilate the lightlike vector u + , or leave it invariant, i.e. 
that
and that all generators L ij with 2 ≤ i ≤ n − m but n − m + 1 ≤ j ≤ n − 1 are broken, so that we the remaining L-generators satisfy
For the sake of simplicity we now denote indices ranging in {2, . . . , n − m} as a, b, etc.; those ranging in {n − m + 1, . . . , n − 1} as greek µ, ν, etc.; and those ranging in {2, . . . , n − 1} as i, j, etc. Then the remaining generators that preserve W can be written as (∆;
This is the Lie algebra Lie (rot (W )) of rot (W ). We see immediately that we have two subalgebras isomorphic to the Euclidean algebras Lie E n−m−1 and Lie E m−1 , which are spanned by (L ab ; K c ) and (L µν ; K ρ ), respectively. These subalgebras commute. Their direct sum Lie E n−m−1 ⊕ Lie E m−1 is an ideal in the full algebra, in which the dilation generator ∆ acts non-trivially only on the generators K i . On the other hand, we can combine the K-generators with ∆ to define a subalgebra A = [∆, K i ] R , which is also an ideal in Lie (rot (W )).
On exponentiation of this algebra we obtain a covering group of rot (W ); hence we must have
where the normal factor E n−m−1 ⊗ E m−1 is written to the left of the multiplicative subgroup R + . The group law can be derived from (24), if we make a split
and
We observe that, according to the algebra (48), C 1 acts trivially on V 2 and C 2 acts trivially on V 1 , and that C 1 commutes with C 2 . Thus, elements of rot (W ) will be denoted by
With these remarks, the group law for elements (52) can be derived from (24) to be
Thus, elements (V 1 , C 1 , V 2 , C 2 , a) decompose according to
We now describe the relationship between exponentiated elements of the Lie algebra (48) and the group elements (V 1 , C 1 , V 2 , C 2 , a). Using straightforward matrix algebra, the commutation relations (48) and the decomposition (54) we find that
and exp
We finish this subsection with computing the action of group elements (V 1 , C 1 , V 2 , C 2 , a) on the transformed basis b. We use the relations (45-47), which we supplement by the action of the (∆, K a , K µ , L ab , L µν )-basis on the basis vectors of the Rlinear span
From the basis transformation introduced at the beginning of this subsection we see that we have
∆e a = 0
With the help of (55-57), the commutation relations (48) and formulas (60-61) we can derive the action of elements (
0, 1, 0, 1,
Here
0, 1, 0, 1, e φ e µ = e µ . (V 1 , 1, 0, 1, 1 
We can decompose R n 1 in the b-basis as
Accordingly, we write a general element of R n 1 as X + + X − + X + Y , where
Preservation of lat
Having identified the group rot W ; SO + 1,n−1 that preserves the R-linear enveloppe
of lat, we eventually can turn to reduce this group down to the set
where rot 0 is that part of the set rot that lies in the identity component SO
of O 1,n−1 . To this end we must restrict the enveloppe (68) to the original lattice points
Now we ask, which of the elements (52) in rot (W ) preserve this set; the answer is found in formulas (62-65) : Elements (V 1 , 1, 0, 1, 1) act as identity on W and hence preserve lat without further restriction. The same is true for elements (0, C 1 , 0, 1, 1). The set of products (V 1 , C 1 , 0, 1, 1) of these forms a semidirect product subgroup of rot (W ) isomorphic to the Euclidean group E n−m−1 0 The main point comes now: Elements 0, 1, 0, 1, e φ must be restricted to (0, 1, 0, 1, k), k ∈ N, in order to satisfy (0, k, 1) u + = k · u + ∈ lat. Although the original set of 0, 1, 0, 1, e φ with e φ ∈ R + was a group, the set of all (0, 1, 0, 1, k) is a group no longer, but a semigroup isomorphic to the semigroup (N, ·) of all natural numbers with multiplicative composition (k, k ′ ) → k · k ′ , and 1 as unit. Clearly, (0, 1, 0, 1, k) is still an invertible element of rot 0 ⊂ SO + 1,n−1 ; however, as mentioned above, it has no inverse in rot 0 , since (0, 1, 0, 1, k)
is not lattice-preserving, as it maps u + → 1 k · u + ∈ lat, for k > 1. The multiplicative structure of rot 0 clearly is the same as that of rot (W ), and is given by the group law (53). Hence we see that E n−m−1 ⊗ G discr forms a proper subgroup of rot 0 .
6.5 The structure and the Lie algebra of R n ⊙ rot (W )
According to (21, 22) , the normalizer and extended normalizer of Γ are given as semidirect products of the translational group R n and rot × , rot, respectively. In order to understand better the Lie algebra of these normalizing sets, we first examine the Lie algebra of the semidirect product group R n ⊙ rot (W ), in which eN (Γ) = R n ⊙ rot is embedded. To this end we again restrict attention to elements lying in SO + 1,n−1 , which means that we define
and now study the group and Lie algebra
The elements of the full group R n ⊙ rot (W ) 0 now must take the form [T | Λ], where T ∈ R n and Λ ∈ rot (W ) 0 . The group law is the same as that in
. In order to determine in detail how the elements of rot (W ) 0 act on the translational factor R n , i.e. on elements [T | 1], we transform the orthogonal basis (P 0 , P 1 , . . . , P n−1 ) of the Lie algebra R n of the translational group R n into the new basis (P + , P − , P 2 , . . . , P n−m , P n−m+1 , . . . , P n−1 ) ;
which is defined in analogy with the b-basis given above, so that
There is a natural (vector space) isomorphism between M = R n 1 and the translation algebra R n defined by
Accordingly, we write a general element
, where
In the following, conjugation of a group element g by another group element h will be denoted by (h, g) → cj (h) · g ≡ hgh −1 . We now present the action of elements [0 | Λ] on [T r | 0] by conjugation, according to
which expresses how rot (W ) 0 acts on the (normal) translational factor R n . These relations can be directly derived from formulas (62-65):
The action of [0 | Λ] on translations [T + , 0, 0, 0 | 1] along the lightlike direction u + is given by
The action of
.
The action of [0 | Λ] on spacelike translations [0, 0, T, 0 | 1] on the space part of the subspace M ′ is given by
The action of [0 | Λ] on translations [0, 0, 0, T 2 | 1] on the enveloppe U of the sublattice lat ′ is given by
From formulas (78-81) we now can derive the Lie algebra Lie [R n ⊙ rot (W ) 0 ], using the fact that the conjugating elements [0 | Λ] occuring on the left hand side of equations (78-81) are exponentials, as follows from (55-57). We employ standard Lie algebra machinery,
and 
[
For better comparison, we present the algebra of the rot (W )-factor again:
6.6 The structure and the Lie algebra of rot 0
From (49) we can now read off the form of rot 0 ,
In analogy with (69) we furthermore introduce the subgroup rot 
This set contains all Lorentz transformations R belonging to the identity component of SO 1,n−1 that preserve the lattice lat, such that the same is true for R −1 . From the analysis above it is now clear that rot × 0 is isomorphic to
Hence it is the dilations in (N, ·) that constitute the extension from rot × 0 to rot 0 , and we have
in this case; i.e., a semidirect product of a group and a semigroup. The connected component rot 00 of rot 0 can be read off from (87); it coincides with the connected component rot 
We now can turn eventually to the extended normalizer eN (Γ) = R n ⊙ rot, and N (Γ) = R n ⊙ rot × , as given in (21,22). However, as in the previous subsections, we want to focus on elements that are in the connected component SO 
with identity components
The quotient eN (Γ) 0 /Γ then takes the form
where R n−m = [P − , P 2 , . . . , P n−m ], and T m (R + , R µ ) = T m (R + , R n−m+1 , . . . , R n−1 ) ≡
where we have written
, A ∈ {0, n − m + 1, . . . , n − 1} (99) i.e. 
The full quotient M/Γ is M/Γ = R n−m × T m . As was explained in section 6, the metric on T m−1 (R µ ) is positive definite, whereas it is identically zero on
We This algebra is spanned by
subject to the relations (84-86). We rewrite these relations in a slightly different form; to this end we redefine
Then
where Φ * L [φ] is the pullback of L to the space 0,
(109) therefore shows the important result that, although Φ is originally a map that preserves the lattice lat, and hence the spacetime [0, 2πR + ] × R n−m−1 × T m−1 , Φ nevertheless induces a map on actions so as to map a theory on a spacetime with lightlike compactification radius R + to a theory with the smaller radius R+ k . This operation corresponds to finite discrete transformations associated with the "mass" generator P + , which commutes with all observables in the Galilei algebra and hence is a superselection operator for the (spacetime degrees of freedom of the) theory. This means that it labels different, noncoherent, subspaces of physical states in the overall Hilbert space of the system; amongst these different superselection sectors, the superposition principle is no longer valid. It therefore would seem that the Φ-map, when applied to actions, relates different superselection sectors of the theory. From the non-invertibility of Φ on the lattice we deduce that this is a one-way operation.
